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ABSTRACT
We calculate the one-instanton contribution to the prepotential in N = 2 su-
persymmetric SU(N
c
) Yang-Mills theory from the microscopic viewpoint. We nd
that the holomorphy argument simplies the group integrations of the instanton
congurations. For N
c
= 3, the result agrees with the exact solution.
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Following the works by Seiberg and Witten[1], the quantum moduli space of the
N = 2 supersymmetric QCD in the Coulomb branch has been studied extensively
[2- 5]. The holomorphy and duality in the low energy eective theory determine the
prepotential exactly, which includes the non-perturbative instanton eects. From
the microscopic viewpoint, this exact result provides a non-trivial and quantitative
test to the method of instanton calculations.
The perturbative non-renormalization theorem[6]
?
shows that in the N = 2 su-
persymmetric Yang-Mills theory the rst non-trivial correction to the prepotential
beyond the one-loop eect is the one-instanton contribution[7]. Finnell and Pouliot
[9] compute the four-fermi interaction in N = 2 SU(2) Yang-Mills theory and show
that the amplitude is the same as the one predicted by the exact prepotential. In
this letter, we shall perform the one-instanton calculation for the N = 2 super-
symmetric SU(N
c
) Yang-Mills theory, and determine the one-instanton correction
to the prepotential. Our result agrees with the known exact result for N
c
= 3 case
[3] and satises the various limits required from the exact solution.
One of the diculties in the direct instanton calculation in the Higgs and
Coulomb phase is the group integration over the instanton congurations. This
integration is done over the embedding of the SU(2) to SU(N
c
), where the instan-
ton resides. The stability group of this embedding is U(1)SU(N
c
  2)[10], while
the integrand has the additional SU(2) symmetry. Hence the group integration to





This group integration has been studied in the case of the N = 1 supersym-
metric SU(N
c
) QCD with (N
c
 1) fundamental matters in the Higgs phase[11,12].
In this case, one can choose special vacuum expectation values of the matter scalar
elds with global SU(N
c
  1) symmetry, which make the group integration easily.
For the N = 2 SU(N
c
) Yang-Mills theory in the Coulomb phase, however, it is
impossible to make such a simplication, since the vacuum expectation values of
? See also [8] for recent discussions on the non-renormalization theorem.
2
the adjoint scalar elds break all the non-abelian gauge symmetries and cannot
have such a global symmetry.
One of the new points in the present work is to apply the holomorphy argument
[8,13,14] to the group integration. From the holomorphy, the result of the group
integration should be independent of the expectation values of the conjugate scalar
elds. This fact allows us to tune these vacuum expectation values as simple
as possible, while the vacuum expectation values of the scalar elds are kept as
arbitrary. Thus we can calculate the four point function of the classically massless
fermions directly.
The N = 2 supersymmetric Yang-Mills theory contains an N = 1 chiral multi-































where g is the gauge coupling constant. We will examine this Lagrangian in terms
of component elds in the Wess-Zumino gauge.



































 is an element of SU(N
c
). For generic a
i
's, the non-abelian symmetry is




and the system is in the Coulomb phase.
Let us rst consider the case that the scalar vacuum expectation values vanish.
Then the classical euclidean equation of motion of the gauge eld has instanton so-
lutions. In the singular gauge, the instanton solution with unit topological charge


























-symbol [16] and  is the instanton size. G 2 SU(N
c
), and the J
a
are the gen-
erators of the SU(2) subgroup obtained by the upper-left-hand corner embedding





) [17]. Substituting the instanton solution into the gauge kinetic








The bosonic zero-modes depend on the instanton congurations, the size , the
location x
0
and the freedom of the embedding G. From the gauge invariance, this
embedding is determined by the SU(N
c
) rotation of the scalar vacuum expectation
values 
 in (2). Hence, xing G = 1, the integration measure for the bosonic

































where the group integration is normalized as
R
d
 = 1. Here we have introduced
the regulator mass .
Let us consider the fermionic part. Using supersymmetry and superconformal




















































































































































where we have introduced the Grassmann odd numbers  (

) to label the gaugino
zero-modes. The matter zero-modes are given by the similar expressions as (4),
4













Now we turn on the vacuum expectation values of the scalar elds. The in-
stanton solution is not an exact solution anymore. But if the instanton size  is







= 0 and D
2
A = 0. Thus the instanton solution remains
as the solutions in this approximation. In order to discuss the solutions for scalar










































































is the 2 2 identity matrix, and hi
tl
denotes the traceless part.
The classical matter action under the non-vanishing scalar expectation values
is given by substituting the kinetic term of the matter in (1) with the approximate







































When the scalars have non-vanishing expectation values, the zero-modes other
























; ]). By substituting the fermionic
zero-modes (4) and the solutions of the scalar elds (6) into the Yukawa-coupling,



















































































  2) identity matrix.
The integration over the non-supersymmetric zero-modes gives the contribution
of the determinant of the mass matrix: det(2M). Since there remains the two
supersymmetric zero-modes of each matter fermion and gaugino eld, we must
insert two matter fermion and two gaugino elds into a correlation function. The






(x)), and similarly for 
y
0
(x). Since the Yukawa couplings with the non-









, respectively. To the rst order in
A, the smearing to  
y















] = 0: A similar equation can be derived for 
y
0





















































































denoting the fermion propagator and the location
of the instanton, respectively. The insertion of (9) will eliminate the remaining
supersymmetric zero-modes in the fermionic integration measure.
After the integration over the fermionic zero-modes and the size of the instanton
6



















































































) trivially. Also one can easily see,
from the explicit denition of M and f , that the integrand has the symmetries of
U(2)U(N
c
  2), where the U(2) is the unitary adjoint rotation of the upper-left-
hand corner, and the U(N
c
 2) is that of the bottom-right-hand corner. Hence the





2)). This integration looks very complicated. We will show that the holomorphy
argument [8,13,14] simplies the integration.
We will begin with the simplest case N
c
= 3. The parameterization of the

























































Parameterizing the scalar vacuum expectation values as a
1
= v   w, a
2
=
 v   w and a
3
= 2w, we get an explicit form for the integrand detM=(gf)
4
.
From the holomorphy argument, the result of the integration must be independent










complex conjugates of v and w, but mathematically, by the analytic continuation,




as the variables independent of v and w. Thus we have




to make the integrands as simple as
possible.
One of choices is to set w
















































































can be performed explicitly with the





















Another choice is to set v

= 0. In this case, the vacuum expectation values of
the conjugate scalar eld has an enhanced symmetry of SU(2), and the integrand
becomes simpler. By setting naively v







4(6w + (v   3w)r
1










gration seems to be easily done. But one nds that this naive integration does not
give the correct answer, since the procedures of setting v

= 0 and the integration




= 0. By blowing up near the origin, one






























Adding the integration of (14) to (15), we again obtain the result (13).
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, the result diverges when two of the a
i
have the same value.
This condition of the divergence is characterized by f = 0. In fact, if we assume




, we obtain two of the a
i
's must take the same value.
Now we evaluate the order and the numerical factor of the divergence for
the general case of SU(N
c
). Let us introduce an innitesimal parameter , and






















































are taken to be independent of the A
0





take dierent values from each other. One notices that the vacuum
expectation values (16) are the at directions.





 = 1, the important contribution of the integration
will come from the 






























































































Since detM depends only on hA
y




 in  is an element of the invariant group U(2) U(N
c
  2). Hence it is
enough to evaluate detM under 
























































































is a normalization constant. Using the result in the literature [10], this
















. Substituting (17) into


































2 U(2)  U(N
c
  2),
and have changed the integration variable U
2














































































































= a+ and a
2
= a . Here the dependences on a
i
have certainly disappeared.
From the gauge invariance, the full expression must be a symmetric function
of a
i
. If we also assume the full expression is a rational function of a
i
, we obtain,














































































Note that the present formula (25) for N
c
= 3 agrees with (13).





























































Now we will derive the 1-instanton correction of the prepotential from the result
(27). In the N = 1 language, the N = 2 SU(N
c
) SYM theory has the following

















































































denotes the 1-instanton correction to the prepotential.
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Comparing with the 1-instatanton calculation (27) and taking into account the

























One can check this result (30) by using consistency under the matching con-

















and consider b is very large compared to a
0
i
. Then, below the scale b, the gauge
group of the system is eectively SU(N
c
  1) with the dynamical scale given by
















Here the matching scale m is the mass of the gauge bosons of the gauge symmetry






. On the other hand, substituting


































Using the matching condition (32), this is nothing but the 1-instanton correction
(30) with the gauge group SU(N
c
  1).
? The normalizations of the kinetic terms are dierent by g between (1) and (28)
12
A further check comes from the exact solutions discussed recently. The discus-
























classically. Taking the b very large and rescaling the x and y













































































+    ; (37)
where we have explicitly written down the dynamical scale dependence of the
one-loop correction to compare the prepotential (37) with the exact solutions un-
ambiguously

The explicit expressions of the one-instanton corrections of the exact prepo-




































































+    :
(38)
Normalizing with the one-loop coecients, our result (37) with d = 2 agrees with
the exact solutions (38) for the both cases.
 Actually, the normalization of the prepotential depends on literatures.
13
We have explicitly performed the 1-instanton calculation and derived the 1-
instanton correction to the prepotential from the microscopic point of view. Al-





 2)), we have done this integration by using the holomor-
phy argument eectively. The key point is that one can take the arbitrary vacuum
expectation values of the conjugate scalar elds. For the N
c
= 3 case, we took
the vacuum expectation values of the conjugate scalar elds to some convenient
values and simplify the integrands. Especially, when we take the conjugate vac-
uum expectation values so that the discriminant of the conjugate elds vanishes,
the integrand becomes the simplest, but we need to take a special care about a
delta functional contribution. For the general SU(N
c
) case, we have calculated the
numerical factor and the order of the poles, and derived the 1-instanton correction
on the assumption that the correction is a rational function of the scalar vacuum
expectation values.
The present method would be applicable to other gauge groups and the N = 2
massive QCD. Concerning the higher instanton contributions, it seems a quite
interesting problem to calculate them from the microscopic approach and compare
them with the exact solutions. We note that the holomorphy argument holds for
general N = 1 supersymmetric theories. Therefore our method will be eective for
other N = 1 models.
Acknowledgements:
We would like to thank S.-K. Yang for stimulating discussions and encourage-
ment, and N.S. would also like to thank the elementary particle group of Tohoku
University and especially S. Watamura for their hospitality. The work of K.I. is
supported in part by University of Tsukuba Research Projects and the Grant-in-
Aid for Scientic Research from the Ministry of Education (No. 07210210). The
work of N.S. is supported by the JSPS fellowship and the Grant-in-Aid for Scientic
Research from the Ministry of Education (No. 06-3758).
14
REFERENCES
1. N. Seiberg and E. Witten, Nucl. Phys. B426 (1994), 19; N. Seiberg and
E. Witten, Nucl. Phys. B431 (1994), 484.
2. A. Klemm, W. Lerche, S. Yankielowicz and S. Theisen, Phys. Lett. B344
(1995), 169.
3. A. Klemm, W. Lerche and S. Theisen, CERN preprint CERN-TH/95-104.
4. P.C. Argyres and A.E. Faraggi, Phys. Rev. Lett. 74 (1995), 3931.
5. U.H. Danielsson and B. Sundborg, Phys. Lett. B358 (1995), 273, Uppsala
preprint USITP-95-12;
M. Douglas and S. Shenker, Nucl. Phys. B447 (1995), 271;
A. Brandhuber and K. Landsteiner, Phys. Lett. B358 (1995), 73;
A. Hanany and Y. Oz, Nucl. Phys. B452 (1995), 283;
P. Argyres, M. Plesser and A. Shapere, Phys. Rev. Lett. 75 (1995), 1699;
J.A. Minahan and D.Nemeschansky, preprint USC-95-019;
M. Matone, Phys. Lett. B357 (1995), 342;
K. Ito and S.-K. Yang, Phys. Lett. B366 (1996), 165;
P.C. Argyres and A.D. Shapere, Rutgers preprint RU-95-61;
A. Hanany, preprint IASSNS-HEP-95-76.
6. M.T. Grisaru, W. Siegel and M. Rocek, Nucl. Phys. B159 (1979), 429.
7. N. Seiberg, Phys. Lett. B206 (1988), 75.
8. N. Seiberg, Phys. Lett. B318 (1993), 469.
9. D. Finnell and P. Pouliot, Nucl. Phys. B453 (1995), 225.
10. C.W. Bernald, Phys. Rev. D19 (1979), 3013.
11. S.F. Cordes, Nucl. Phys. B273 (1986), 629.
12. J. Fuchs, Nucl. Phys. B282 (1987), 437.
13. D. Amati, K. Konishi, Y. Meurice, G.C. Rossi and G. Veneziano, Phys. Rep. 162
(1988), 169.
15
14. M.A. Shifman and A.I. Vainshtein, Nucl. Phys. B359 (1991), 571.
15. A. Vainshtein, V. Zakharov, V. Novikov and M. Shifman, Sov. Phys. Usp. 25
(1982), 195.
16. G. 't Hooft, Phys. Rev. D14 (1976), 3432.
17. C.W. Bernald, N.H. Christ, A.H. Guth and E.J. Weinberg, Phys. Rev. D16
(1977), 2967.
18. I. Aeck, Nucl. Phys. B191 (1981), 429.
16
